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ABSTRACT

Partitions play an important role in Number Theory. It has wide applications in various fields. An attempt is
made to develop a theorem on the number of r — partiions of positive integer n in which the least part is &,

a reduction theorem on r — partiions and some more results on r — partiions are derived.
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1. Introduction:

1.1 Partition: A partition of a positive integer n
is a finite sequence of non-increasing positive

integers 4, A,, .., A suchthat > A4 =n
i=1

The number /11 is called the " part of the

partition. The partition is also denoted as

n=UA,4,.,4).

1.2 Partition function: The partition function
p(n) is the number of partitions of n.

1.3 r-partition: A partition containing ¥ parts is
called r — partiions .
1.4 p,(n): p (n) is the number of

r — partiions of a positive integer n .
Note: p(n)=p,(n)+ p,(n)+...+ p,(n)
1.5 p, (o;n) ©op, (o;n) is the number of

partitions of a positive integer n having r parts
in which each part is odd number.

1.6 p,_(e;n): D, (e;n) is the number of

partitions of a positive integer n having r parts
in which each part is even number.

L7 p, (S;n): p,_(S;n) is the number of

partitions of a positive integer n having r parts
in which each part is the element of the set S.

2. Theorem: Let r,ne N(r < n) and

S ={am+b|ae N,be Zandmzl,Z,...,n} b

e the set of positive integers. If aln—>br, then

n—br .
D, (S;n) =p, ( j other wise
a

pr(S;n)=0.

[2.1]

Proof: All parts in r — partiions of n multiplied

by a and added by b to get the partitions of n
whose parts are elements of S .

3. Theorem: Let r,ne N and
S ={am+b|ae N,be Zandmzl,Z,...,n}

be the set of positive integers. Then, the highest
least part of r— partiions of n in which the

parts are the elements of the set § is

n
a +b
ar+b
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[3.1]
Proof: Let A, A4, ..,ADbe the first,
second,...,

th .. .
r parts of the r-partition of ‘n’ respectively.
Son=(A,4,,....4)

All the distinct r — partiions of n are arranged

in such a way that all the parts and
corresponding parts in each r— partiions are

monotonically increasing.

n
If possible, let 4, =4a +bp+1
ar+b

Since all the parts in each r— partiions are

monotonically increasing order, the least

possible value of each A, fori=2toris

Co
a +bp+1.
L ar+b |
Then the sum of all parts in partition is
[
r a .
L ar+Db |
But r +b+1lp>n
ar+b

This is contradiction.

Hence { is the highest

ar+b
integer.

4. Theorem: Let r,ne N and
S ={am+b|ae N,be Zandmzl,Z,...,n}

be the set of positive integers. Then prove that

p.(Sin)-p, (S;n—{a(1)+b})

=p.(S;n—ar) [4.1]

Proof:
The number of r — partiions of n whose parts

are elements of S with least part a(1)+b is
equal to the number of (r—l)— partitions of

—{a(1)+b} whose parts are elements of
S and the number of r — partiions of n whose
parts are elements of S with least part is
nota(1)+b is equal to the number
of r — partiions of n—ar whose parts are
elements of S .

p,(Sim-p,_i(sin—{a(1)+0})
=p.(S;n—ar)

5. Theorem: Let r,n,k € N and
S ={am+b|ae N,be Zandmzl,Z,...,n}

be the set of positive integers. then, the number
of r— partiions of n having the parts are

elements of S with least part k is
Py (S;n—(k—l)ar—{a+b})

where 1 < k < "
ar+b

[5.1]
Proof: Let 4, 4,,

second,...,

, A, be the first,

rth parts of the r — partiions of n respectively.
So

n=W4,4,..,4)
All the distinct r — partiions of n are arranged

in such a way that all the parts and
corresponding parts in each r— partiions are

monotonically increasing.
Fixing 4,

n—{a(1)+b}of n canbe expressed as the sum

=a (1) +b, the remaining value

of the remaining r—1 parts 4,, 4;,..., 4. in

P (S ;n—{a(1) +b}) ways.

i, The number of r— partiions in which the

least part of the partition is 4 =a(1)+bis
pra(Sin—{a+b}).

Fixing 4 =a(2)+b, the remaining value

n—{a(2)+b} of ncan be expressed as the sum
of the remaining r—1 parts /7.2, /13, cees /?T in
Py (S ;n—{a(2) +b}) ways.

Since all the parts in each r-partition are non

decreasing, p,_, (S ;n—{a(3) +b(2)})

r — partiions with 4, = a(2) +b, 4 =a(l)+b
are to be eliminated from

P (S;” —{a (2)

the number of the r — partiions in which the

+ b}) r — partiions .Then,
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least part of the partition 4 =a (2) +b is

P (Sin—{a(2)+5})

P (Sin—{a(3)+5(2)})
P (Sin-a(r-1)~{a(2)+5})

= pr_l(S;n—ar—{a+b})
Fixing 4, = a(3)+b, the remaining value
n—{a(3)+b}of n can be expressed as the sum
of the remaining r—1 parts 4,, 4;,..., A in
oy (S:n—{a(3)+b}) ways.
pra(Sin—{a

(4
A=a(3)+b, 4, =a(l)+b and
P2 (Sin—{a(5)+6(2)})

)+b(2 )}) r — partiions with

pr_3(S;n—{a (6) +b(3)})
=a(3)+b, 4 =a(2)+b

r — partiions with 4,
are to be eliminated

from p,_, (S ;n—{a(3)+b}) r — partiions .

Then, the number of the
which the least part of the partition

A=a(3)+b is
o (Sin—{a(3)+b})
-pra(Sin—{a(4)+b(2)})

Pr2 (8:n—{a(5)+b(2)})
~p,5(Sin—{a(6)+b(3)})
=p,i(Sin—a(r-1)-{a(3)+b})
=P, (Sin—a(r-2)—{a(5)+b})
= ps(sin-ar—{a(2) 1))
~ P, (Sin—ar—{a(3)+5})
=p,(Sin—a(r-1)-ar—{a(2)+b})
=p,_ (Sin—2ar—{a+b})

By induction we observe that the number of
r — partiions of n having the parts are elements

r — partiions in

of S with least part & is
p,_l(S;n—(k—l)ar—{a+b})

wherelSkS[ }
ar+b

Corollary 5.1: Let n,r,ke N . Then the number

of r— partiions of n with least part k is

P [n—(k—l)r—l] where 0 < k S[ﬁ}
.

Proof: Put a=1,b=0 in [5.1]

Corollary 5.2: Let n,r,ke N. Then, the
number of r— partiions of n having the parts

are even numbers with least part k is
n
en—2(k—1)r—2| where 0<k<|—
prafein=2(k-1)r=2] 2]
Proof: Put a=2,6=0 in [5.1]

Corollary 5.3: Let n,r,ke N. Then the
number of r— partiions of n having the parts

are odd numbers with least part k is
prafoin=2(k=1)r-1]

whereOSkS{ " }

2r—1
Proof: Put a=2,b=-1 in [5.1]

6. Reduction theorem for p, (S;n):
Let r,n,ke N and
S={am+blae N,be Z and m=1,2,...,n}

be the set of positive integers. then,

]

p,(S;n)= Z Do (S;n—(k—l)ar—{a+b})

k=1

[6.1]
and

Lo
pS;n)= Z z Dry (S;n—(k—l)ar—{a—i—b})

r=1 k=1

[6.2]

Proof: From [5.1] we can observe it

Corollary 6.1: Prove that
pn)= Z Z P

r=1 k=1

n—(k-1)r-1)
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Proof: Put a =1,6=0 in [6.2]

Corollary 6.2: Prove that

1=
ple;n) :Z z p,_l(e;n—Z(k—l)r—2)

r=l k=1

Proof: Put ¢ =2,b=0 in [6.2]
Corollary 6.3: Prove that

n [2:1—1}
P(O;n):z z p,_l(o;n—Z(k—l)r—l)

r=1 k=1

Proof: Put a=2,b=-1 in [6.2]

Theorem 7: If r,ne N and r<n,then

p,(n)=p(m-r) for UpP)
r

Proof:

Case:1 Let I 2
r

=>n=2r
p,(m)=p(n—=r)+p,(n—r)+..+p,(n—r)
=p(r)+py(r)+..+p.(r)
= p(r)
=p(n—r)

Case:2 Let L<2
r

. n
Since r<nand —<?2
r

=r<n<2r
=0<n-r<n

p,(n)=p(n—=r)+ p,(n—r)+...

+p,_,(n=r)+p,_ . ,(n=r)+.+p.(n—r)

=p(n—r)+p,(n—r)+..
+p,_,(n—=r)+0+..+0
=p(n-r)

Hence p,(n)=p(m-r) for n <2
r

Theorem 8: Let n,i, je N, then

py=1+3 p.(j)

i+j=2

ISSN:0974-8652

Proof: Case 1: Let n=2m for me N
p(n)=p(2m)
=p,2m)+ p,2m)+ p,(2m)+...
+p,Cm)+p, 2m)+p,.(2m)+...
+ P2 2+ py,, (2m) + p,, (2m)

={p@m-1}

+{p1 2m-2)+p, (2m—2)}

+{p1 (2m—3)+p2(2m—3)+p3(2m—3)}+...
+H p,(m+1)+ p,(m+1)+..+ p,_, (m+1)}
+p(m)+pm-D+..+p2)+pl)+1

={p,2m-1)}
+{ p1(2m—2)+p2(2m—2)}
+H{ p@n=3)+p,@m=3)+p,2m-3)} +...
+H pm+D)+p,(m+D)+..+p,  (m+D}
+{ pm)+p,(m)+..+ p,_ (m)+ p, (m)}
+{ pm=D+p,(m=D+...t p, (m=D}+...
+H pB®+p,3)+p3)}
H P Q+p,@}+p D+
=1+ Y. p(D+ D )+

i+j=2m i+j=2m-1

DI AOEDIFAC)

2m

=1+ > p,(j)

i+j=2

=1+ 2 p())
i+j=2
Case 2: Let n=2m+1 for me N
p(n)=pQ2m+1)
=p,2m+1)+ p,(2m+1)
+p,Cm+D+...+p,2m+1)
+ P Cm+D+p,,,Cm+D+..
+ Py Cm+1)+p, 2m+1)
+ Py 2m+1)

A Note On r - partitions Of I1 In Which The Least Part Is k



INTERNATIONAL JOURNAL OF COMPUTATIONAL MATHEMATICAL IDEAS
ISSN:0974-8652

={p,2m)}

+{p,2m-1)+ p,2m—-1)}

+{p,2m=2)+ p,2m=2)+ p,(2m—-2)} +...
+H{p,(m+D)+ p,(m+D)+...+ p, (m+D}+
p(m)+ p(m—-1)+..+ p2)+ p(DH+1
={p.Cm)}

+{ p1(2m—1)+p2(2m—1)}

+{ p1(2m—2)+p2(2m—2)+p3(2m—2)}+...
+{ p(m+D+p,(m+D+...+p, (m+1)}

+{ )2 (m)+p2(m)+...+pm(m)}

+{ pm=1D+p,(m-D+..+ pmfl(m—l)}+...
+H p3+p,3)+p, 3}

+H @+ p, 2+ p(D+1

=1+ Y p(D+ D p() .+

i+ j=2m+1 i+j=2m
2m+l1
=1+ > p(j)
i+j=2
=1+ > p.(j)
i+j=2
Hence p(n)=1+ Z p.(J)
i+j=2

Corollary 8.1: Let n be a natural number, then

pm)—pn-1= Y p.(j)

i+j=n

Proof: Since p(n)=1+ Z ()

n—1
sopn=D=1+ Y p(j)
i+j=2
Hence p(n)—pn-1)= Z p:.(J)

Theorem 9: If ne N then

3n 7 ]
1+P3_1 —-1 +Zp(1) wher 1 iseven
pln)= E =

—1

_ =

1+p,, [3?12 1]+ DTGy when nisodd
=l

Proof:
If n is even

Let n=2m for me N
p(n)= p/(n)+p,n)+...+ p,_,(n)+ p,,(n)

+ P () +.o 4 poy 5 (1) + Py, (R) + Py, (1)

=p,2m)+ p,2m) +...+ p,,_,2m) + p,, 2m)
+ D1 Cm) +.. 4+ Py, 2m) + py,, (2m)
+ Dy, (2m)

= P QmAm—=1)+ p(m) + p(m-1) +...+ p(2)
+ p(l) +1

=l+p, ,Cm+m-1)+{p(1)+ pQ2)+...+ p(m)}

=14, Bm-1)+ D p(i)
i=1

n

3n <y
=1+ p%_1 (7-1]+;p(1)
If n is odd
Let n=2m+1 for me N
p(n)= p/(n)+p,(n)+...+ p,,_(n)
+ D, () + P+ p,n)+...
+ Dot (1) + P,y () + Doy (1)

=pCm+)+p,Cm+1)+...+ p,2m+1)
+ P Cm+ D)+ p o, Cm+1D)+...

+ Pom1 Cm+1) + py,, Cm+1) + py ., Cm+1)
=p,Cm+m+1)+ p(m) + p(m-1) +...
+p2)+pd) +1

=1+ p, Bm+1) +i p@)

i=1

n-1

3n-1) & .

=l+p,, [—2 j +Y p()
5 i=1

2

Hence

[

2
1+p, 1[3;—1]+ Do) when niseven
Pl = E =_11

3n-1 2 .
1+ p,,_l[ ]+ P
= =l

when 1 isodd

2
Theorem 10:
+1
If [ﬂ}zl,then{m }zlfor m,re Z
r r+1

. m
Proof: Since {—:l =1
r
=Sr<m<2r
=r+l1<m+1<2r+l1
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Since r+1<m+1<2r+1land 2r+1<2r+2
Sr+l<m+1<2r+2
m+1

=1<——<2
r+1

m+1
= :1
r+1
Hence [ﬂ}zlz{m-ﬂ}:l for m,re Z
r r+1

m

Theorem 11: If { }z 1, then

r

p,(m)+p,(m+r+D+..+p (m+tr+t)

=p.(m+tr+t)
Proof: Let r=1

Since {E:l =1
r

There fore

m+r+1+1 _ m+l+r+l :[1+1]:2
r+l1 r+1 r+l

Since

puym+r+1+)=p (m+r+1)

+[pr(m+r)—pr(m+r—1)]
=p.(m+r+D)+p (m+r—r)
=p.(m+r+1)+p (m)
We assume that it is true for £ = §
There fore
p,(m)+p (m+r+D)+..+p (m+sr+s)

=p,. ., (m+sr+s+1)
Adding both sides by p, (m+sr+s+r+1)
p,(m)+p, (m+r+)+..

+p,(m+sr+s)+p (m+sr+s+r+1)
=p. (m+sr+s+D)+p (m+sr+s+r+1)

=p.. [m+(r+l)s+1}+pr [m+(r+1)(s+l)}
=P [m+(r+l)s+l]+pr[m+(r+l)s+l+r}

:p,ﬂ[m+(r+1)(s+1)+1]
It is true for t=s+1

There fore our statement is true for all te N
Hence
p,(m)+p,(m+r+D)+..+p (m+tr+t)
=p,,(m+tr+t) when [E} =1
r
Corollary 11.1: Prove that

p.(r)+p,Q2r+1)+..+p, |:nr+(n—1):|

=P [n(r + 1)]

Proof:
From theorem 11

p,(m)+p (m+r+D+..+p (m+tr+t)

=p, . (m+tr+t) when [ﬁ} =1
r

Put m=r and
p,(N+p,2r+)+...+p, [nr+(n—1)J

=P, [n(r + 1)]
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