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ABSTRACT 

 

Partitions play an important role in Number Theory. It has wide applications in various fields. An attempt is 

made to develop a theorem on the number of r partiions−  of positive integer n  in which the least part is k , 

a reduction theorem on r partiions−  and some more results on r partiions−  are derived. 
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1. Introduction: 
 
1.1 Partition: A partition of a positive integer n 
is a finite sequence of non-increasing positive 

integers 1 2,   ,   ... , rλ λ λ  such that  
1

r

i
i

nλ
=

=∑  

The number iλ  is called the 
thi  part of the 

partition. The partition is also denoted as  

1 2 r( , , ... , )n λ λ λ= . 

 
1.2 Partition function: The partition function 

( )p n is the number of partitions of n. 

 
1.3  r-partition: A partition containing r parts is 
called r partiions− . 

1.4  ( ) :
r

p n  ( )
r

p n  is the number of 

r partiions−  of a positive integer n . 

Note:  1 2( ) ( ) ( ) ... ( )np n p n p n p n= + + +   

1.5  ( ) :;rp o n  ( );rp o n  is the number of 

partitions of a positive integer n  having r  parts 

in which each part is odd number. 
 

1.6  ( ) :;rp e n  ( );rp e n  is the number of 

partitions of a positive integer n  having r  parts 

in which each part is even number. 
 

1.7  ( ) :;rp S n  ( );rp S n  is the number of 

partitions of a positive integer n  having r  parts 

in which each part is the element of the set S. 
 

2. Theorem: Let ( ),r n N r n∈ ≤  and 

{ }| , 1,2, ...,S am b a N b Z and m n= + ∈ ∈ = b

e the set of positive integers. If |a n br− , then 

( );r r

n br
p S n p

a

−
=

 
 
 

 other wise 

( ); 0rp S n = .  

                                                                           

[ ]2.1  

Proof:  All parts in r partiions− of n  multiplied 

by a  and added by b  to get the partitions of n  

whose parts are elements of S .  

 

3. Theorem: Let ,r n N∈  and 

{ }| , 1,2, ...,S am b a N b Z and m n= + ∈ ∈ =  

be the set of positive integers. Then, the highest 

least part of r partiions− of n  in which the 

parts are the elements of the set  S  is  

n
a b

ar b
+

+

 
  
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[ ]3.1  

Proof:  Let 1 2,   ,   ... , rλ λ λ be the first, 

second,…, 
th

r  parts of the r-partition of ‘n’ respectively. 

So 1 2 r( , , ... , )n λ λ λ=  

 All the distinct r partiions−  of n are arranged 

in such a way that all the parts and 
corresponding parts in each r partiions−  are 

monotonically increasing. 

If possible, let 1 1
n

a b
ar b

λ = + +
+

  
    

 

Since all the parts in each r partiions− are 

monotonically increasing order, the least 

possible value of each i λ for i = 2 to r is  

             1
n

a b
ar b

+ +
+

  
    

. 

Then the sum of all parts in partition is  

        1
n

r a b
ar b

+ +
+

   
      

. 

But 1
n

r a b
ar b

+ +
+

   
      

> n  

This is contradiction. 

Hence 
1

n
a b

ar b
λ = +

+

 
  

 is the highest 

integer. 
 

4. Theorem: Let ,r n N∈  and 

{ }| , 1,2, ...,S am b a N b Z and m n= + ∈ ∈ =  

be the set of positive integers. Then prove that  

( ){ }( )
[ ]

1( ; ) ; 1

( ; ) 4.1

r r

r

p S n - p S n a b

p S n ar

− − +

= −

       
Proof:  
The number of r partiions− of n  whose parts 

are elements of S with least part ( )1a b+  is 

equal to the number of ( )1r partitions− − of 

( ){ }1n a b− +  whose parts are elements of 

S and the number of r partiions− of n  whose 

parts are elements of S with least part is 

not ( )1a b+  is equal to the number 

of r partiions− of n ar−  whose parts are 

elements of S . 

( ){ }( )1( ; ) ; 1

( ; )

r r

r

p S n - p S n a b

p S n ar

−∴ − +

= −
 

 

5. Theorem: Let , ,r n k N∈  and 

{ }| , 1,2, ...,S am b a N b Z and m n= + ∈ ∈ =  

be the set of positive integers. then, the number 
of r partiions− of n  having the parts are 

elements of S with least part k is 

          ( ) { }( )1 ; 1rp S n k ar a b− − − − +      

                   where 1
n

k
ar b

≤ ≤
+

 
  

              

[ ]5.1  

Proof:  Let 1 2,   ,   ... , rλ λ λ be the first, 

second,…, 
thr parts of the r partiions− of n  respectively. 

So 

                    1 2 r( , , ... , )n λ λ λ=  

 All the distinct r partiions− of n are arranged 

in such a way that all the parts and 

corresponding parts in each r partiions− are 

monotonically increasing. 

Fixing ( )1 1a bλ = + , the remaining value 

( ){ }1n a b− + of n  can be expressed as the sum 

of the remaining 1r −  parts  2 3 , , ... , rλ λ λ in 

( ){ }( )1 ; 1rp S n a b− − + ways. 

i,e  The number of r partiions−  in which the 

least part of the partition is ( )1 1a bλ = + is   

                { }( )1 ;rp S n a b− − + .   

 

Fixing ( )1 2a bλ = + , the remaining value 

( ){ }2n a b− + of n can be expressed as the sum 

of the remaining 1r −  parts  2 3 r , , ... , λ λ λ in 

( ){ }( )1 ; 2rp S n a b− − + ways. 

Since all the parts in each r-partition are  non 

decreasing, ( ) ( ){ }( )2 ; 3 2rp S n a b− − +

r partiions−  with ( )1 2a bλ = + , ( )2 1a bλ = +  

are to be eliminated from 

( ){ }( )1 ; 2rp S n a b− − +   r partiions− .Then, 

the number of the r partiions− in which the 
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least part of the partition ( )1 2a bλ = +  is 

( ){ }( )1 ; 2rp S n a b− − +  

                              -

( ) ( ){ }( )2 ; 3 2rp S n a b− − +  

    ( ) ( ){ }( )1 ; 1 2rp S n a r a b−= − − − +   

    { }( )1 ;rp S n ar a b−= − − +   

Fixing ( )1 3a bλ = + , the remaining value 

( ){ }3n a b− + of n can be expressed as the sum 

of the remaining 1r −  parts 2 3 , , ... , rλ λ λ in  

( ){ }( )1 ; 3rp S n a b− − + ways. 

( ) ( ){ }( )2 ; 4 2rp S n a b− − +  r partiions−  with 

( )1 3a bλ = + , ( )2 1a bλ = +  and 

( ) ( ){ }( )2 ; 5 2rp S n a b− − +  

                                  -

( ) ( ){ }( )3 ; 6 3rp S n a b− − +  

r partiions−  with ( )1 3a bλ = + , ( )2 2a bλ = +  

are to be eliminated 

from ( ){ }( )1 ; 3rp S n a b− − +  r partiions− .  

Then, the number of the r partiions− in 

which the least part of the partition 

( )1 3a bλ = +  is  

  ( ){ }( )1 ; 3rp S n a b− − +  

                - ( ) ( ){ }( )2 ; 4 2rp S n a b− − +  

                -

( ) ( ){ }( )
( ) ( ){ }( )

2

3

; 5 2

; 6 3

r

r

p S n a b

p S n a b

−

−

 − + 
 

− − +  

   

       
( ) ( ){ }( )

( ) ( ){ }( )
1

2

; 1 3

; 2 5

r

r

p S n a r a b

p S n a r a b

−

−

= − − − +

− − − − +
  

       
( ){ }( )

( ){ }( )
1

2

; 2

; 3

r

r

p S n ar a b

p S n ar a b

−

−

= − − +

− − − +
  

       ( ) ( ){ }( )1 ; 1 2rp S n a r ar a b−= − − − − +   

       { }( )1 ; 2rp S n ar a b−= − − +   

By induction we observe that the number of 

r partiions− of n  having the parts are elements 

of S with least part k is 

           ( ) { }( )1 ; 1rp S n k ar a b− − − − +   

                                    where 1
n

k
ar b

 
≤ ≤  + 

 

 

Corollary 5.1: , ,Let n r k N∈ . Then the number 

of r partiions− of n  with least part k  is     

( )1 1 1 where 0r

n
p n k r k

r
−

 
 − − − ≤ ≤   

 
 

Proof:  Put 1, 0a b= =  in [ ]5.1  

 

Corollary 5.2: , ,Let n r k N∈ . Then, the 

number of r partiions− of n  having the parts 

are even numbers with least part k  is     

( ); 2 1 2 where 01 2

n
p e n k r kr r

 
 − − − ≤ ≤   −  

Proof:  Put 2, 0a b= =  in [ ]5.1  

 

Corollary 5.3: , ,Let n r k N∈ . Then the 

number of r partiions− of n  having the parts 

are odd numbers with least part k  is     

               

( )1 ; 2 1 1

where 0
2 1

r o n k r

n
k

r

p −  − − − 

 
≤ ≤  − 

 

Proof:  Put 2, 1a b= = −  in [ ]5.1  

 

6. Reduction theorem for ( ; )rp S n :  

Let , ,r n k N∈  and 

{ }| , 1,2,...,S am b a N b Z and m n= + ∈ ∈ =  

be the set of positive integers. then,  

( ) { }( )1

1

(S; ) ; 1

         

n

ar b

r r

k

p n p S n k ar a b

 
 + 

−

=

= − − − +∑  

[6.1]                                                              
and                         
                          

( ) { }( )1

1 1

(S; ) ; 1

         

n

ar bn

r

r k

p n p S n k ar a b

 
 + 

−

= =

= − − − +∑ ∑  

[6.2]                                                              

Proof:  From [ ]5.1  we can observe it 

Corollary 6.1: Prove that     

( )( )1

1 1

( ) 1 1      

         

   

n

rn

r

r k

p n p n k r

 
 
 

−

= =

− − −=∑∑  



INTERNATIONAL JOURNAL OF COMPUTATIONAL MATHEMATICAL IDEAS 
ISSN:0974-8652 

A Note On  r - partitions  Of n In Which The Least Part Is k 

 
9 

 

Proof:  Put 1, 0a b= =  in [ ]6.2  

 
 
Corollary 6.2: Prove that     
                                  

( )( )
2

1

1 1

(e; ) ; 2 1 2

         

n

rn

r

r k

p n p e n k r

 
 
 

−

= =

− − −=∑∑  

Proof:  Put 2, 0a b= =  in [ ]6.2  

Corollary 6.3: Prove that     

( )( )
2 1

1

1 1

(o; ) ; 2 1 1

         

n

rn

r

r k

p n p o n k r

 
 − 

−

= =

− − −=∑ ∑  

Proof:  Put 2, 1a b= = −  in [ ]6.2  

 

Theorem 7: ,If r n N and r n∈ < , then   

                 ( ) ( )rp n p n r= −    for   2
n

r
≤  

 
 
Proof:  

Case:1     Let 2
n

r
=  

                  2n r⇒ =  

1 2( ) ( ) ( ) ... ( )r rp n p n r p n r p n r= − + − + + −  

          1 2( ) ( ) ... ( )rp r p r p r= + + +  

            ( )p r=  

            ( )p n r= −  

Case:2     Let 2
n

r
<  

                Since r n< and 2
n

r
<  

                2r n r⇒ < <  

                 0 n r n⇒ < − <  

1 2

1

( ) ( ) ( ) ...

( ) ( ) ... ( )

r

n r n r r

p n p n r p n r

p n r p n r p n r− − +

= − + − +

+ − + − + + −

 

          
1 2( ) ( ) ...

( ) 0 ... 0n r

p n r p n r

p n r−

= − + − +

+ − + + +
 

          ( )p n r= −  

Hence    (n) ( )rp p n r= −    for   2
n

r
≤  

 

Theorem 8:  Let , ,n i j N∈ , then    

                 
2

( ) 1 ( )
n

i

i j

p n p j
+ =

= + ∑  

Proof:   Case 1:  Let 2n m for m N= ∈  

    ( ) (2 )p n p m=  

       

1 2 3

1 1

2 2 2 1 2

(2 ) (2 ) (2 ) ...

(2 ) (2 ) (2 ) ...

(2 ) (2 ) (2 )

m m m

m m m

p m p m p m

p m p m p m

p m p m p m

− +

− −

= + + +

+ + + +

+ + +

 

            

{ }

{ }

{ }

{ }

1

1 2

1 2 3

1 2 1

(2 1)

(2 2) (2 2)

(2 3) (2 3) (2 3) ...

( 1) ( 1) ... ( 1)

( ) ( 1) ... (2) (1) 1

m

p m

p m p m

p m p m p m

p m p m p m

p m p m p p

−

= −

+ − + −

+ − + − + − +

+ + + + + + +

+ + − + + + +

     

            

{ }

{ }

{ }

{ }

{ }

{ }

{ }

{ }

1

1 2

1 2 3

1 2 1

1 2 1

1 2 1

1 2 3

1 2 1

(2 1)

(2 2) (2 2)

(2 3) (2 3) (2 3) ...

( 1) ( 1) ... ( 1)

( ) ( ) ... ( ) ( )

( 1) ( 1) ... ( 1) ...

(3) (3) (3)

(2) (2) (1) 1

m

m m

m

p m

p m p m

p m p m p m

p m p m p m

p m p m p m p m

p m p m p m

p p p

p p p

−

−

−

= −

+ − + −

+ − + − + − +

+ + + + + + +

+ + + + +

+ − + − + + − +

+ + +

+ + + +

 

            =1+
2

( )i

i j m

p j
+ =

∑ +
2 1

( )i

i j m

p j
+ = −

∑ +… 

              +
3

( )i

i j

p j
+ =

∑ +
2

( )i

i j

p j
+ =

∑  

            
2

2

1 ( )
m

i

i j

p j
+ =

= + ∑  

   
2

1 ( )
n

i

i j

p j
+ =

= + ∑  

Case 2:  Let 2 1n m for m N= + ∈  

1 2

3

1 2

2 1 2

2 1

( ) (2 1)

(2 1) (2 1)

(2 1) ... (2 1)

(2 1) (2 1) ...

(2 1) (2 1)

(2 1)

m

m m

m m

m

p n p m

p m p m

p m p m

p m p m

p m p m

p m

+ +

−

+

= +

= + + +

+ + + + +

+ + + + +

+ + + +

+ +
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{ }

{ }

{ }

{ }

1

1 2

1 2 3

1 2

(2 )

(2 1) (2 1)

(2 2) (2 2) (2 2) ...

( 1) ( 1) ... ( 1)

( ) ( 1) ... (2) (1) 1

m

p m

p m p m

p m p m p m

p m p m p m

p m p m p p

=

+ − + −

+ − + − + − +

+ + + + + + + +

+ − + + + +

{ }

{ }

{ }

{ }

{ }

{ }

{ }

{ }

1

1 2

1 2 3

1 2

1 2

1 2 1

1 2 3

1 2 1

(2 )

(2 1) (2 1)

(2 2) (2 2) (2 2) ...

( 1) ( 1) ... ( 1)

( ) ( ) ... ( )

( 1) ( 1) ... ( 1) ...

(3) (3) (3)

(2) (2) (1) 1

m

m

m

p m

p m p m

p m p m p m

p m p m p m

p m p m p m

p m p m p m

p p p

p p p

−

=

+ − + −

+ − + − + − +

+ + + + + + +

+ + + +

+ − + − + + − +

+ + +

+ + + +

         

=1+
2 1

( )i

i j m

p j
+ = +

∑ +
2

( )i

i j m

p j
+ =

∑ +…+  

2 1

2

1 ( )
m

i

i j

p j
+

+ =

= + ∑  

2

1 ( )
n

i

i j

p j
+ =

= + ∑  

Hence     
2

( ) 1 ( )
n

i

i j

p n p j
+ =

= + ∑  

Corollary 8.1: Let n be a natural number, then   

( ) ( 1) ( )i

i j n

p n p n p j
+ =

− − = ∑  

 
 

Proof:   Since 
2

( ) 1 ( )
n

i

i j

p n p j
+ =

= + ∑  

              ∴
1

2

( 1) 1 ( )
n

i

i j

p n p j
−

+ =

− = + ∑  

Hence   ( ) ( 1) ( )i

i j n

p n p n p j
+ =

− − = ∑  

 
 
 
 
Theorem 9:  If n N∈   then  

 
Proof:  
If n  is even 

Let 2n m for m N= ∈  

( )p n = 1( )p n + 2 ( )p n +…+ 1( )mp n− + ( )mp n  

         

+ 1( )mp n+ +…+ 2 -2 ( )mp n + 2 1( )mp n− + 2 ( )mp n  

         

= 1(2 )p m + 2 (2 )p m +…+ 1(2 )mp m− + (2 )mp m  

         + 1(2 )mp m+ +…+ 2 -2 (2 )mp m + 2 1(2 )mp m−  

         + 2 (2 )mp m  

        

= 1(2 1)mp m m− + − + ( )p m + ( -1)p m +…+ (2)p  

        + (1)p +1 

       

=1+ 1(2 -1)mp m m− + +{ }(1) (2) ... ( )p p p m+ + +  

       = 1+ 1(3 -1)mp m− +

1

( )
m

i

p i

=
∑  

        = 1+
1

2

3
-1

2
n

n
p

−

 
 
 

+
2

1

( )

n

i

p i

=

∑  

If n  is odd 

Let 2 1n m for m N= + ∈  

( )p n = 1( )p n + 2 ( )p n +…+ 1( )mp n−  

          + ( )mp n + 1( )mp n+ + 2 ( )mp n+ +… 

          + 2 1( )mp n− + 2 ( )mp n + 2 1( )mp n+  

          

= 1(2 +1)p m + 2 (2 +1)p m +…+ (2 +1)mp m  

          + m+1(2 +1)p m + m+2 (2 +1)p m +… 

          

+ 2m-1(2 +1)p m + 2 (2 +1)mp m + 2m+1(2 +1)p m  

          = (2 + +1)mp m m + ( )p m + ( -1)p m +… 

          + (2)p + (1)p +1 

          = 1+ (3 1)mp m + +
i 1

( )
m

p i
=
∑  

          = 1+ -1

2

3 -1

2
n

n
p

 
 
 

+

1

2

1

( )

n

i

p i

−

=

∑  

 
Hence 

 
 
Theorem 10:  

If 1
m

r

 
= 

 
,then

1
1

1

m

r

+ 
= + 

for ,m r Z∈  

Proof: Since 1
m

r

 
= 

 
 

             2r m r⇒ ≤ <  
             1 1 2 1r m r⇒ + ≤ + < +  
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Since  1 1 2 1 2 1 2 2r m r and r r+ ≤ + < + + ≤ +  

             1 1 2 2r m r∴ + ≤ + < +  

            
1

1 2
1

m

r

+
⇒ ≤ <

+
 

            
1

1
1

m

r

+ 
⇒ = + 

 

Hence  
1

1 1
1

m m

r r

+   
= ⇒ =   +   

 for ,m r Z∈  

Theorem 11: If 1
m

r

 
= 

 
, then 

1

( ) ( 1) ... ( )

( )

r r r

r

p m p m r p m tr t

p m tr t+

+ + + + + + +

= + +
 

Proof:  Let 1t =  

Since 1
m

r

 
= 

 
 

There fore 

[ ]
1 1 1 1

1 1 2
1 1 1

m r m r

r r r

+ + + + +   
= + = + =   + + +   

 

Since 

[ ]

1( 1 1) ( 1)

( ) ( 1)

r r

r r

p m r p m r

p m r p m r

+ + + + = + +

+ + − + −
 

( 1) ( )r rp m r p m r r= + + + + −  

                            ( 1) ( )r rp m r p m= + + +  

We assume that it is true for t s=  

There fore 

1

( ) ( 1) ... ( )

( 1)

r r r

r

p m p m r p m sr s

p m sr s+

+ + + + + + +

= + + +
 

Adding both sides by ( 1)rp m sr s r+ + + +  

( ) ( 1) ...

( ) ( 1)

r r

r r

p m p m r

p m sr s p m sr s r

+ + + +

+ + + + + + + +
 

1( 1) ( 1)r rp m sr s p m sr s r+= + + + + + + + +  

( ) ( )( )1 1 1 1 1r rp m r s p m r s+
   = + + + + + + +     

( ) ( )1 1 1 1 1r rp m r s p m r s r+
   = + + + + + + + +   

( )( )1 1 1 1rp m r s+
 = + + + +   

It is true for 1t s= +  

There fore our statement is true for all t N∈  

Hence    

1

( ) ( 1) ... ( )

( ) 1

r r r

r

p m p m r p m tr t

m
p m tr t when

r
+

+ + + + + + +

 
= + + = 

 

 

Corollary 11.1: Prove that 

( )

[ ]1

( ) (2 1) ... 1

( 1)

r r r

r

p r p r p nr n

p n r+

 + + + + + − 

= +

 

Proof: 
From theorem 11 

1

( ) ( 1) ... ( )

( ) 1

r r r

r

p m p m r p m tr t

m
p m tr t when

r
+

+ + + + + + +

 
= + + = 

 

 

 Put   m r=  and    

( )

[ ]1

( ) (2 1) ... 1

( 1)

r r r

r

p r p r p nr n

p n r+

 + + + + + − 

= +
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